Hybrid photonic/plasmonic nanostructures allow one to engineer coupling of quantum emitters and cavity modes accounting for the direct coherent and environment mediated dissipative pathways. Using generalized plasmonic Dicke model, we explore the non-equilibrium phase diagram with respect to these interactions. The analysis shows that their interplay results in the extension of the superradiant and regular lasing states to the dissipative coupling regime and an emergent anomalous lasing phase having boundary with the superradiant and normal states. Calculated photon emission spectra are demonstrated to carry distinct signatures of these phases.
Introduction.-In quantum plasmonics, highly polarizable metal nanostructures supporting surface plasmon (SP) modes provide a source of strong enhancement in the photon local density of states, an effect similar to a low-Q optical cavity [1] . Technological flexibility in the design of plasmonic cavities allows one to engineer SP states and their interactions with quantum emitters (QE), e.g., fluorescent dyes or semiconductor nanostructures, leading to potentially desirable cooperative properties [1] [2] [3] . The strong coupling regime, when the SP-QE interaction strength exceeds the total cavity losses, opens new opportunities for non-equilibrium exciton-plasmon polariton condensation, non-linear emission, and lasing [4] . In many cases, the experimental demonstration of the effect was preceded by theoretical analysis. For instance, theoretical studies of SP-induced superradiant and sub-radiant Dicke states reveal how their frequency and time-domain emission features depend on the cavity geometry, composition, and environment fluctuations [5, 6] . Rapid progress in the development of nanoscale SP laser, often referred to as the "spaser", has been reported [7] [8] [9] [10] . Theoretical analysis of critical phenomena such as Bose-Einstein condensation (BEC) of the SP-exciton-polaritons in plasmonic lattices and arrays [11, 12] were followed by reports claiming experimental observation of a thermalized room temperature and non-equilibrium BEC along with polariton lasing [4, 13] .
In this Letter, we explore possibilities of engineering quantum critical properties of plasmonic cavities by examining the non-equilibrium phase diagram and associated photon emission spectra with respect to the nature and strength of the SP-QE interactions. To do so, we generalize a driven-dissipative Dicke model describing an ensemble of identical two-level QEs coupled to a single bosonic SP mode referred to below as the SP cavity mode (SPCM) ( Fig. 1(a) ). The SPCM is assumed to interact with the photon continuum resulting in the cavity emission. We incorporate into the model two distinct SPCM-QE interaction pathways which we illustrate in Fig. 1(b) : a coherent coupling, λ, which stems from a direct, e.g., dipole-dipole interaction between the SPCM and a QE and a dissipative coupling, η, which is facilitated by coupling to a reservoir, which may be either a photon continuum or a dark SP mode interacting in the near-field with both the SPCM and QEs.
The dissipative coupling via photon reservoir was introduced by Lehmberg as the off-diagonal radiative decay terms in the Lindblad operator to describe the superradiant emission from an ensemble of two-level atoms [14] . Subsequently, this approach has been widely used to study the superradiant emission in a large variety of systems [5, 15, 16] . Coupling via a reservoir has been introduced in cascaded quantum systems [17, 18] and shown to be important for quantum information applications [19] . The dissipative coupling is also shown to facilitate quantum entanglement [20] [21] [22] and can be employed to steer open quantum system into non-trivial states [23, 24] .
The Dicke model provides a fundamental model of cavity QED and has been studied in a context of superradiant phase transition both in equilibrium and nonequilibrium regimes. [25] Its generalized version with imbalanced rotating and counter-rotating terms has revelled a rich phase diagram allowing for the superradiant and various lasing states [25] [26] [27] . In this Letter, we demonstrate that the interplay of the coherent and dissipative interactions incorporated into the plasmonic Dicke model results in the extension of the superradiant and regular lasing phases to the dissipative coupling region of the phase diagram and shows an emergent anomalous lasing state having phase boundaries with the superradiant and normal steady states. We demonstrate that the associated photon emission spectra carry distinct spectroscopic signatures of the various phases.
Model.-The SPCM cavity mode ( Fig. 1) is described by Bose creation and annihilation operators, {ψ † , ψ}. Each two-level QE occupying site n = 1, N o is characterized by a set of spin operators {ŝ j n with j = x, y, z. Assuming that the QEs and the SPCM have the same resonance energy, ω o , and the same coherent quantum exchange rate, λ, we describe the system by the following Hamiltonian given in units of
By taking into account that the plasmonic cavity ( Fig. 1) is an open quantum system, we introduce a density operatorρ acting in the SPCM and QE space whose time evolution is described by a Liouville equation
Here, the Lindblad superoperatorDÔ
z n } acts either within the SPCM or QE subspaces. It describes the SPCM population decay with the rate 2Γ sp , QEs' population decay with the rate γ ↓ , population gain due to an incoherent pump with the rate γ ↑ , and a pure dephasing with the rate γ φ . All introduced population decay rates include both the radiative and non-radiative contributions. The last term in Eq. (2) partitions the dissipative SPCM and QE interaction with the rate η using the Lindblad operator [28] Dψ ,ŝ 
where the scalar variables are ψ = ψ , s − = ŝ − , and s z = ŝ z with the normalized per site spin operators and the brackets defined asŝ ±,z = n (ŝ 
The normal state is the trivial steady state of Eqs. (4)- (6) (4) and (5) represent in the matrix form
with the vector v = [δψ, δψ * , δs − , δs * − ] T and the stability matrix [29] ,
To identify a phase diagram of our model as the function of dimensionless coherent, N oλ 2 , and dissipative,η, coupling parameters, we look for the normal state instabilities of Eq. (7). Specifically, we calculate the eigenvalues of the matrix M with s z = s ns z and check if at least one of them acquires positive real part. Figure 2 (a) presents a phase diagram of the steady state below the population inversion with three distinct instability regions. The cyan region denotes a phase associated with a single positive eigenvalue of the stability matrix that passes through zero at the boundary with the normal state (NS). This is a signature of the pitchfork bifurcation suggesting the presence of a superradiant phase. [25] Accordingly, the critical coherent coupling for this transition can be easily evaluated as the root of det[M] = 0 resulting in [25] Below the critical parameter (9), Eqs. (4)- (6) are invariant under Z 2 symmetry transformations ψ → −ψ and s − → −s − . Above the critical parameter, a spontaneous symmetry breaking occurs as a signature of the superradiant transition. The red curve plotted in Fig. 2 (a) according to Eq. (9) well coincides with the boundaries between the normal state and the identified superradiant (SR) region. Since, the right hand side of Eq. (9) becomes negative for d o > 0, the superradiant phase must disappear above the population inversion.
The green regions in Fig. 2 (a) mark the instabilities characterized by simultaneous appearance of the real positive part for two complex eigenvalues of M. This is a signature of a critical Hopf bifurcation. In the TavisCummings model, i.e., the rotating wave limit of the Dicke model, such an instability points to the lasing phase transition, which breaks U (1) gauge symmetry ψ → e iω l τ ψ, s − → e iω l τ s − whereω l = ω l /ω o is a dimensionless lasing frequency. [25] By applying the rotating wave approximation to Eq. (4)-(6), we recover a generalized Tavis-Cummings model (see Supplemental Material) with the critical spontaneous symmetry breaking parameter
Such defined critical parameter exists below the population inversion, −1/2 ≤ d o < 0, and the non-vanishing dissipative coupling, η = 0, values if the plus (minus) sign set in front of the square root for 0 <η 2 < 1 (η 2 > 1). The orange curve in Fig. 2 (a) calculated according to Eq. (10) well coincide with the boundaries between the normal state and the green region. Accordingly, we identify the latter as anomalous (i.e., negative inversion) lasing states facilitated by the dissipative SPCM-QE interaction. The crossover region marked in Fig. 2 (a) using gray shade exhibits an interplay of both superradiant and lasing instabilities resulting in properties to be clarified below.
Above the population inversion, 0 < d o ≤ 1/2, our generalized Dicke model recovers the normal lasing state as marked in Fig. 2 (b) by green. Variation of the critical boundary there depends weakly onη which is in good agreement with the predictions (orange line) of Eq. (10) where the plus (minus) sign is adopted forη 2 > 1 (η 2 < 1). In this case, a limit ofη → 0 exists resulting in a wellknown form of the QE-cavity coupling N oλ 2 l =Γ oΓsp /d o at the lasing threshold. [30] Second moment analysis.-To go beyond the meanfield analysis of the instability regions shown in Fig. 2 (a) and (b), we next examine properties of the steady state QE population inversion s z and the SPCM population, N sp = ψ †ψ , plotted in Fig. 2 (c), (d) and Fig. 2 (e) , (f), respectively. These quantities have been evaluated using a closed set of equations of motion for the QE and SPCM second operator moments (see Supplemental Material) known as the maximum entropy two-particle factorization scheme [31] or the second cumulant approximation [25, 26] . Comparing the plot within each column of Fig. 2 having the same parameters, it is clearly seen that in agreement with the mean-field theory the normal state region is characterized by no SPCM population N sp = 0 and the QE inversion
A build up of the SPCM population and variation of the QE inversion within the instability region are clearly seen in the plots indicating the phase transitions. Spontaneous coherences (not shown in the plot) also appear outside the normal state. Interestingly, the crossover region (gray in panels (a), (b)) shows a clear phase boundary with the superradiant state in the associated QE and SPCM population plots. However, no signatures of the phase boundary with the anomalous lasing state are seen suggesting that lasing features might be expected in this region.
Photon Emission Properties.-Having identified the phases, we further examine their properties by looking at the photon emission spectra. Typically, a SPCM emission rate exceeds the same quantity for QEs by orders of magnitude. Therefore, the normalized power spectrum of the photons emitted into the far field radiation zone by a plasmonic cavity can be defined in terms of an SPCM auto-correlation function as (see Supplemental Material)
Here, the dimensionless frequency detuning is δω = (ω − ω o )/ω o , and the prefactor (1 + δω) 4 reflects scaling of the photon density of states and the emitted photon energy. Applying the quantum regression theorem, [30] the correlation function in Eq. (11) is calculated via numerical solution of Eqs. (7) and (8) with 
T . The second moment steady states are used as the initial conditions for v(0) and the steady state s z is used to parameterize M. Figure 3 (a) compares the emission spectra in transition from the normal to the superradiant steady states at no dissipative coupling, i.e., theη = 0 slice of the phase diagram in Fig. 2 (a) . Each curve has two features one characterized by a positive and the other by a negative detuning. The energy splitting between the features is in quantitative agreement with the spectrum of the elementary excitations [32] , namely the SP-exciton polaritons, shown in the inset.
As the coherent coupling passes through the superradiant critical value (green dash in the inset), the lower polariton branch passes through a gap at zero photon energy (δω = −1) [33] . Emission within this spectral branch is highly suppressed due to the decrease in the photon energy and the density of states (the prefactor in Eq. (11)). Therefore, a subtle lower polariton behavior near the critical point is not resolved in the spectra. As a results, the emission at the superradiant phase transition occurs from the upper polariton branch. For small nonvanishing values ofη below the anomalous lasing threshold, the spectra (not shown) preserve the same feature, but experience narrowing of the main features and reduction in the polariton splitting. Figure 3 (b) compares emission spectra at large,η = ±0.5, values of the dissipative coupling below (dashed line) and within (solid line) the anomalous lasing phase identified in Fig. 2 (a) . A sharp characteristic features appear above the lasing critical coupling. To identify these features, we have calculated a normalized lasing frequency shift δω l = (ω l − ω o )/ω o using the generalized Tavis-Cummings model (see Supplemental Material)
with N oλ 2 l (η) given by Eq. (10). According to this expression, the peak shift is determined by the dissipative coupling parameterη.
The lasing peak shift evaluated according to Eq. (12) is plotted in the inset to Fig. 3(b) . Comparison shows that the spectral positions of the sharp emission peaks are in quantitative agreement with the predictions of the TavisCummings model allowing us to identify them as the lasing peaks. Spectra calculated within the crossover region (not shown) demonstrate the same trends as the spectra in the anomalous lasing region. This confirms our assumption above that the crossover region should demonstrate the anomalous lasing features. Finally, Fig. 3(c) compares the emission spectra associated with the normal lasing regime identified in Fig. 2 (b) . Compared to the broad spectral distribution of the photons (dashed lines) emitted below the lasing critical coupling, the spectra associated with the lasing phase demonstrate sharp monochromatic emission feature. The spectral position of the latter features are in quantitative agreement with the predictions of Eq. (12) plotted in the inset.
Comparing the insets in panels (b) and (c) of Fig. 3 , we notice that given the same sign of the dissipative coupling strength, the lasing frequency shift for the anomalous and normal lasing regimes shows opposite signs. This trend resembles the behaviour predicted for the inverted (also known as the counter-rotating) and normal lasing regimes using a generalization of the Dicke model reported in Refs. [25] [26] [27] 34] . Furthermore, the inverted lasing occurs below the population inversion, d o < 0, and has a phase boundary with the superradiant state.
However, the physical mechanisms leading to the anomalous lasing reported here and the inverted lasing are different. In the former case, a gain occurs as the result of the SPCM back action on the QEs facilitated by the dissipative coupling. This results in the energy supply to the QEs that overrides their losses. In the case of the inverted lasing, a cavity coherent emission is facilitated by the counter rotating,ψ †ŝ+ +ψŝ − , term. To reach the inverted lasing an imbalance between the rotating and the counter rotating terms is required. As demonstrated for atoms in a high fines optical cavity, such an imbalanced can be engineered using coherent Raman processes due to external laser fields. [34, 35] In contrast, the anomalous lasing does not originate from the counter-rotating terms but rather emerges due to the SPCM-QM interaction via a reservoir.
Conclusions.-Using the mean-field and second cumulant analysis we identified the superradiant, anomalous and regular lasing states appearing in the phase diagram of driven-dissipative plasmonic Dicke model as a result of interplay between the coherent and dissipative SPCM-QE interaction pathways. In the limit of no dissipative coupling, we recovery the results for the open Dicke and Tavis-Cummings model reported in the literature. Inclusion of the dissipative coupling extends the superradiant and normal lasing states into the dissipative coupling region and results in the emergent anomalous lasing state. The latter occurs below the population inversion and raises from the back action of the SPCM on the QEs. The calculated emission spectra show quantitative agreement with the predictions of the the mean-field theory.
The trends for the peak variations and the line shape behaviour with respect to the strengths of the dissipative coupling can be used for the spectroscopic identification of the predicted states.
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SUPPLEMENTAL MATERIAL: GENERALIZED TAVIS-CUMMINGS MODEL
We generalize a driven-dissipative Tavis-Cummings model by including the dissipative coupling between the SPCM and QEs. Associated equations of motion
result from the main text Eqs. (4)-(6) after adopting the rotating wave approximation. We further break the U (1) gauge symmetry of Eqs. (13)- (15) by fixing the phase ψ → e iω l τ ψ, s − → e iω l τ s − withω l = ω l /ω o to be identified as the normalized lasing frequency. As a result, the equations of motion for the coherences become
where δω l = 1 −ω l denotes a normalized frequency detuning. Eq. (15) 
The lasing threshold can be found by equating to zero both the real and imaginary parts of the expression in the square brackets of Eq. (18) [30] . Finding roots of these two equation for the variables s z and δω l results in the expression for the steady state population inversion
above the critical couplingλ 
representing the SPCM spontaneous coherence forλ 2 ≥ λ 2 l (η).
SUPPLEMENTAL MATERIAL: EQUATIONS OF MOTION FOR THE OPERATOR SECOND MOMENTS
Using Eqs. (1)- (3) in the main text, we derive the following equations of motion for the SPCM population, N sp = ψ †ψ , and double coherence, C sp = ψψ ,
To close the set, equations of motion for the SPCM-QE coherences, c ±sp = n ŝ ±ψ /N o , 
are introduced, respectively. Here, the dissipation and inversion parameters are the same as defined in Eqs. (4)-(6) of the main text. C sp , c ±sp , and c −− are complex quantities and the corresponding equations should be complimented by their complex conjugates. To close the equations, s z is factorized out from all normally ordered three-operator averages. In the limit of vanishing dissipative coupling,η = 0, Eqs. (22)- (28) recover the results of Ref. [26] . × Ê − (τ )E + (τ ) e iωτ −iω τ .
For the dipole emission, the electric field in the far-field zone can be related to the SPCM operator asÊ + (τ ) ∼ ∂ 2 τψ (τ ) [37] . Accordingly, S(ω)δ(ω −ω ) =ω × ψ † (τ )ψ(τ ) e iωτ −iω τ .
For the stationary process, one integral in the r.h.s. of Eq. (30) can be evaluated resulting in 2πδ(ω −ω ) [36] . This recovers the form of Eq. (11) presented in the main text.
